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Let ∗(p,α) be the class of functions f (z) which are analytic and p-valently starlike of
order α in the open unit disk E. The object of the present paper is to derive an interesting
condition for f (z)t ob ei nt h ec l a s s∗(p,α).
Copyright © 2007 Mamoru Nunokawa et al.Thisisanopenaccessarticledistributedun-
dertheCreativeCommonsAttributionLicense,whichpermitsunrestricteduse,distribu-
tion, and reproduction in any medium, provided the original work is properly cited.
1.Introduction
Let (p) denote the class of functions f (z)o ft h ef o r m
f (z) = zp +
∞  
n=p+1
anzn  
p ∈ N ={1,2,3,...}
 
(1.1)
which are analytic in the open unit disk E ={ z : z ∈ C, |z| < 1}. A function f (z) ∈ (p)
is said to be p-valently starlike of order α(0 α<p)i nE if and only if
Re
zf (z)
f (z)
>α (z ∈ E). (1.2)
We denote by ∗(p,α) the subclass of (p) consisting of functions which are p-valently
starlikeoforderαin E.Weonlycallafunction f (z) ∈ ∗(p,0)tobep-valentlystarlikein
E. Further, a function f (z) ∈ (p)i ss a i dt ob ep- v a l e n t l yc o n v e xo fo r d e rα(0  α<p)
in E if and only if
1+Re
zf  (z)
f  (z)
>α (z ∈ E). (1.3)2 International Journal of Mathematics and Mathematical Sciences
Wedenoteby(p,α)thesubclassof(p)consistingofall p-valentlyconvexfunctionsof
order α in E. We also call a function f (z) ∈ (p,0)p-valently convex function. From the
deﬁnition,itistrivialthatif f (z)isap-valentlyconvexfunction,thenzf (z)isp-valently
starlike in E.
2. Preliminaries
In this paper, we need the following lemmas.
Lemma 2.1. If M(z) = zp +
 ∞
n=p+kanzn (1  p and 1  k) and N(z) = zp +
 ∞
n=p+1anzn
are analytic in E and N(z) satisﬁes Re(N(z)/zN (z))>δ(0 δ<1/p), then
Re
 
M (z)
N (z)
 
>β implies Re
 
M(z)
N(z)
 
>
2β+kδ
2+kδ
. (2.1)
Remark 2.2. This lemma holds to be true for N(z) which is multivalently starlike in E.
We owe the above lemma to Ponnusamy and Karunakaran [1].
Lemma 2.3. Let f(z) ∈∗(p,0). Then
F(z)
p+1
=
  z
0
f (t)dt ∈ S∗(p+1,0) (2.2)
or
Re
zF (z)
F(z)
>0( z ∈ E). (2.3)
The proof of this result can be found in [2].
3. Main result
Theorem 3.1. If f (z) ∈ (p) satisﬁes the following condition:
Re
zf(p)(z)
f (p−1)(z)
>α (z ∈ E) (3.1)
for α(0 α<1), then f (z) ∈∗(p,α+ p−1) or
Re
zf (z)
f (z)
>α+ p−1( z ∈ E). (3.2)
Proof. From assumption (3.1), f (p−1)(z) is univalently starlike of order α and it is trivial
that
 
zf(p−1)(z)− f (p−2)(z)
  
= zf(p)(z). (3.3)
Note that f (p−2)(z)i ss t a r l i k ei nE by Lemma 2.3. Therefore, applying Lemma 2.1 and
(3.3), we have
Re
zf(p−1)(z)− f (p−2)(z)
f (p−2)(z)
>α (z ∈ E). (3.4)Mamoru Nunokawa et al. 3
From Lemma 2.3, f (p−2)(z) is 2-valently starlike in E. Now then, it is trivial that
 
zf(p−2)(z)−2f (p−3)(z)
  
= zf(p−1)(z)− f (p−2)(z). (3.5)
Then, from Lemma 2.1, 2-valently starlikeness of f (p−2)(z), and (3.5), we have
Re
zf(p−2)(z)−2f (p−3)(z)
f (p−3)(z)
>α (z ∈ E). (3.6)
Further, it is trivial that
 
zf(p−3)(z)−3f (p−4)(z)
  
=zf(p−2)(z)−2f (p−3)(z), (3.7)
and applying the same method and reason as above, we have
Re
zf(p−3)(z)−3f (p−4)(z)
f (p−4)(z)
>α (z ∈ E), (3.8)
where f (p−3)(z) is 3-valently starlike in E. Applying the mathematical induction, we have
Re
zf (z)−(p−1)f(z)
f (z)
>α (z ∈ E), (3.9)
where f (z)i sp-valently starlike in E. This shows that
Re
zf (z)
f (z)
>α+ p−1( z ∈ E), (3.10)
or f(z) ∈∗(p,α+ p−1). 
Our main result shows the following.
Corollary 3.2. Let f (z) ∈ (p), 2  p, 0 α<1,
Re
zf(p)(z)
f (p−1)(z)
>α (z ∈ E), (3.11)
and put f(z) =zp−1 f1(z) where
f1(z) = z+
∞  
n=p+1
anzn−p+1. (3.12)
Then f1(z) is univalently starlike of order α in E.
Proof. From the deﬁnition of f1(z)a n dTheorem 3.1, it follows that
Re
zf (z)
f (z)
= p−1+Re
zf
 
1(z)
f1(z)
>α+ p−1. (3.13)
This completes the proof. 4 International Journal of Mathematics and Mathematical Sciences
Corollary 3.3. Let f (z) ∈ (p), 2  p, 0 α<1,a n d
1+Re
zf(p+1)(z)
f (p)(z)
>α (z ∈ E). (3.14)
Then one has
Re
zf (z)
f (z)
>β(α)+p−1( z ∈ E), (3.15)
where
β(α) =
⎧
⎪ ⎪ ⎪ ⎨
⎪ ⎪ ⎪ ⎩
1−2α
22−2α 
1−22α−1  if α  =
1
2
,
1
2log2
if α =
1
2
.
(3.16)
Proof. Putting
g(z) =
f (p−1)(z)
p!
= z+
∞  
n=2
bnzn, (3.17)
then from assumption (3.14), g(z) is univalently convex of order α, and therefore from
Wilken-Feng result [3]a n dTheorem 3.1,w eh a v e
Re
zg (z)
g(z)
=Re
zf(p)(z)
f (p−1)(z)
>β(α)( z ∈ E), (3.18)
and therefore it follows that
Re
zf (z)
f (z)
>β(α)+p−1( z ∈ E). (3.19)

We will give here an open problem.
Problem 3.4. Let f (z) ∈ ∗(p,α)a n d0α<p.
Then
F(z)
p+1
=
  z
0
f (t)dt ∈S
∗ 
p+1,β(p,α)
 
. (3.20)
What is the best β(p,α)?Mamoru Nunokawa et al. 5
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